Abstract: Three-dimensional gravity in Anti-de Sitter space is considered, including torsion. The derivation of the central charges of the algebra that generates the asymptotic isometry group of the theory is reviewed, and a special point of the theory, at which one of the central charges vanishes, is compared with the chiral point of topologically massive gravity. This special point corresponds to a singular point in Chern-Simons theory, where one of the two coupling constants of the SL(2, R) actions vanishes. A prescription to approach this point in the space of parameters is discussed, and the canonical structure of the theory is analyzed.
Introduction
The model of chiral gravity proposed by Li, Song and Strominger in [1, 2] represents a very interesting idea to construct a consistent theory of quantum gravity in three-dimensions. The feasibility of formulating such a model was extensively discussed in the last three years [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and is still matter of technical analysis [14, 15, 16, 17] . Here, chiral gravity is discussed and compared with a special (singular) limit of Chern-Simons gravity.
We consider the most general Chern-Simons gravitational theory in tree-dimensional Anti-de Sitter space (AdS 3 ), including torsion [18, 19] . We briefly discuss how the central charges of the (conjecturally existing [20, 21, 22] ) dual conformal field theory (CFT) can be calculated. This can be done by implementing AdS 3 asymptotic boundary conditions, both for the dreibein and for the spin connection, which amounts to perform the Hamiltonian reduction of the boundary action, straightforwardly adapting what is known for the case of three-dimensional Einstein gravity in AdS 3 [23, 24] . The result consistently agrees with the central charges previously obtained in the literature by different methods [25, 26, 27, 28, 29] .
It is observed that the theory exhibits a special point in the space of parameters, at which it becomes chiral by construction as one of the two coupling constants of the SL(2, R) Chern-Simons actions vanishes. This is a singular point of the Chern-Simons theory, and this singularity was recently mentioned in [30] in the context of the analytically extended theory, where a relation between this singular point and the chiral point of [1] was already pointed out. The fact that at this point one of the two SL(2, R) ChernSimons actions (say the left-handed one) decouples implies that the degrees of freedom associated to the left-handed modes are left unspecified. For such degrees of freedom, that correspond to a particular combination of the dreibein and the spin connection, one can further impose the torsionless condition consistently, obtaining in this way a theory with no local degrees of freedom whose asymptotic isometry group is generated by a single copy of the Virasoro algebra with central charge c R = 3l/G. This is reminiscent of what happens in Topologically Massive Gravity (TMG) at the chiral point. Nevertheless, it is worth to distinguish between the two constructions; we will comment on this distinction and on the analogies in section 5.
We begin in section 2 by reviewing chiral gravity. In section 3, we review the MielkeBaekler theory of three-dimensional gravity, which includes torsion. In section 4 we review the calculation of the central charges for the theory with torsion, and we observe that a special point at which one of the central charges vanishes exists. In section 5 we discuss a prescription to approach the point of the space of parameters at which Mielke-Baekler theory exhibits degeneracy, and we analyze the canonical structure of the theory. Section 6 contains the conclusions.
Chiral gravity

Topologically massive gravity
Let us start by discussing TMG [31, 32] , which we review here within the context of [1] . The action of the theory, written in the first order formalism, reads
ε abc e a ∧ e b ∧ e c + 1
where the torsion 2-form T a = 1 2 T a µν dx µ ∧ dx ν is defined by
while the Riemannian curvature 2-form R ab = 1 2 R ab µν dx µ ∧ dx ν is defined by
with the dreibein 1-form e a = e a µ dx µ and the spin connection 1-form ω ab = ω ab µ dx µ . The convention adopted here is the standard one, according to which greek indices µ, ν, γ, ... refer to spacetime coordinates while latin indices a, b, c, ... refer to coordinates in the tangent bundle; so we have ω a = η ab ω b , e a = η ab e b , and the dual quantities like ω a = ε abc ω bc , R a = ε a bc R bc , etc. The first two terms in the gravitational action (2.1) correspond to the Einstein-Hilbert and the cosmological terms, with Newton constant G and cosmological constant Λ = −l −2 . The third contribution in (2.1) is the so-called 'exotic' gravitational Chern-Simons term, which is purely made of the spin connection ω ab µ . Also, there is a fourth term in the action, which includes the torsion and a Lagrange multiplier λ a . The Lagrange multiplier is actually a vector-valued 1-form λ a = λ a µ dx µ , whose inclusion in the action implements the constraint of vanishing torsion T a = 0. The theory has a mass scale µ, which turns out to be the mass of the gravitons of the theory [31, 32] .
The equations of motion coming from the action above are
2)
3)
where the 2-form Dλ a = dλ a +ω ab ∧λ b is the covariant derivative of the Lagrange multiplier. These equations correspond to varying action (2.1) with respect to the dreibein, the spin connection, and the Lagrange multiplier, respectively. Notice that this is different from what happens in three-dimensional general relativity, where the equation of motion T a = 0 comes from varying the Einstein-Hilbert action with respect to the spin connection instead. For a concise review of TMG in the first order formalism we refer to the recent papers [33, 34] . Using equation (2.4) above one may write the set of field equations as follows 6) and from (2.6), which is an algebraic equation, one solves for λ a µ and replace it back in (2.6) to obtain the Cotton tensor made of Dλ a . This defines TMG in the form we know it [31, 32] . The theory, thus, corresponds to a dynamical theory with equations of motion of third order that includes general relativity as a particular sector. In fact, it is well known that all classical solutions to three-dimensional general relativity solve the equations of TMG as well; this is basically because the Cotton tensor vanishes if (and only if) the metric is conformally flat.
Asymptotically AdS solutions
Here, we are concerned with asymptotically AdS 3 geometries. Written in a convenient system of coordinates, (a patch of) AdS 3 space reads
where l is the 'radius' of AdS 3 space. In this system of coordinates the asymptotically AdS 3 boundary conditions take the form
This is the set of boundary conditions introduced by Brown and Henneaux in [35] .
The most important member of the set of asymptotically AdS 3 solutions of general relativity is the Bañados-Teitelboim-Zanelli black hole (BTZ), whose metric is given by [36, 37] 
Indeed, taking a glance at the asymptotic conditions above it is evident that this metric is part of the set of solutions considered in the analysis of [35] . BTZ black hole (2.9), thought of as a solution to TMG, has mass and angular momentum given by And from the vanishing torsion constraint, T a = de a + ω a b ∧ e b = 0, one obtains the falling-off conditions for the components ω a µ of the spin connection as well.
The chiral gravity conjecture
The algebra of conserved charges associated to the asymptotic isometry group of TMG in AdS 3 is generated by two copies of the Virasoro algebra, as it happens in the case of general relativity [35] . The central charges associated to each of these Virasoro algebras can be computed by several methods, and turn out to be 11) which reproduce the result of Brown and Henneaux for general relativity in the case 1/µ = 0, namely c L = c R = 3l/(2G).
One of the observations made in [1] , and which motivated the whole idea of a chiral theory of gravity in three dimensions, is that at the special point of the space of parameters where µl = 1, the left-handed central charge c L vanishes. Besides, according to (2.10), the mass and the angular momentum of a generic BTZ black hole at µl = 1 obey the relation Ml = J , no matter the values that the parameters M and J take. In particular, this implies that all the BTZ black holes (2.9) are extremal states. It also implies a plethora of solutions with vanishing conserved charges, which correspond to those BTZ metrics (2.9) with parameters M l = −J. Besides, it is possible to see that in the limit µl → 1 the massive graviton of TMG tends to one of the modes of Einstein gravity, which is pure gauge. All these suggestive facts were gathered as pieces of evidence, and led the authors of [1] to conjecture that at the point µl = 1 TMG about AdS 3 space becomes a bulk theory with no local degrees of freedom that would be dual to a chiral conformal field theory with c R = 3l/G; see [3, 4, 5, 6, 7, 8, 9, 14, 15, 16] for discussions.
A rapid way to notice that TMG exhibits special features at µl = 1 is to consider pp-waves in AdS 3 [38, 39] . Consider the exact solution 12) which corresponds to a non-linear solution of the equations of motion (2.5)-(2.6) whose physical interpretation is that of a pp-wave sailing the AdS 3 spacetime. AdS 3 spacetime written in Poincaré coordinates corresponds F (u, r) = 0, and one can identify the coordinates as u = t − φ and v = t + φ, so that the front of the wave corresponds to the surfaces u = v = const. The function F (u, r) gives the profile of the wave, which takes the form F (u, r) = (r/l) µl−1 f (u). This function satisfies the scalar wave equation on AdS 3 , namely ( − m 2 eff )F (u, r) = 0, where stands for the D'Alembert operator in AdS 3 , and the effective mass m eff is given by m 2 eff = µ 2 (1 − µ −2 l −2 ). That is, the profile function F (u, r) behaves as a scalar mode of the space on which the non-linear wave solution is propagating. Then, one immediately notices that in the limit µl → 1 such scalar mode becomes massless. One can also verify that non-linear solutions (2.12) develop a logarithmic falling-off behavior at the boundary; namely, solutions like ∼ log(r/l) arise at µl = 1.
The consistency of chiral gravity was matter of intense discussion recently [3, 4, 5, 6, 7, 8, 9, 14, 15, 16] , and complete consensus has not yet been reached. Nevertheless, the idea is very promising and, besides, it gave rise to interesting results as byproduct. The discussion about chiral gravity was mainly about its spectrum, as it is crucial to establish the consistency of the whole construction. Consequently, the field content of the theory was analyzed in extent, both at the linearized level and at the level of exact solutions. On the one hand, in what regards to linearized solutions, the discussion is summarized in [13] , where it was understood that at µl = 1 two different set of boundary conditions are admissible: the one proposed by Brown and Henneaux in [35] , and the weakened version proposed by Grumiller and Johansson in [10, 11, 12] ; and depending on which of these asymptotics is chosen, the resulting theory happens to exhibit different properties. In particular, the boundary conditions proposed in [10, 11, 12] permit asymptotic behaviors like 14) which are certainly weaker than (2.7)-(2.8). If these boundary conditions are chosen, the bulk theory has ghosts [10, 11, 12] and the boundary CFT renders non-unitary 1 [40, 41] .
On the other hand, in what regards to the analysis of the exact solutions, it was shown in [42] that solutions satisfying the weakened asymptotics (2.13)-(2.14) without satisfying (2.7)-(2.8) do exist. The existence of such solutions situates the discussion of boundary conditions beyond the linearized analysis. One such a solution is given by
which corresponds to deforming a special case of the BTZ geometry (2.9) by adding a logarithmic piece, where k is an integration constant associated to the mass and angular momentum of the solution; more precisely Ml = J ∼ k [42, 34] . Then, the next question about exact solutions that one might feel tempted to ask is whether by imposing strong boundary conditions (2.7)-(2.8), instead of (2.13)-(2.14), the classical sector of TMG at µl = 1 coincides with that of Einstein gravity or not. If the classical sectors of both theories were the same, then the theory would not admit physical local degrees of freedom. This is equivalent to asking whether equations (2.5)-(2.6) supplemented with boundary conditions (2.7)-(2.8) imply that the Cotton tensor vanishes necessarily. This question was answered by the negative in [17] where an exact solution to TMG at µl = 1 obeying Brown-Henneaux asymptotic without being Einstein manifolds were found. Such a solution is given by
where γ is a parameter. This is a time-dependent solution of the theory at µl = 1, and also corresponds to a deformation of a special case of (2.9). Metric (2.16) solves (2.5)-(2.6) having non-vanishing Cotton tensor. Solutions like (2.16), however, seem to carry vanishing conserved charges, M = J = 0, so they would not contribute substantially to the partition function. Then, the next question to be asked is whether non-Einstein solutions to TMG at µl = 1 with Brown-Henneaux boundary conditions and finite mass actually exist. To the best of our knowledge, this remains an open question.
Adding torsion
Mielke-Baekler theory of gravity
A different construction of a chiral theory in AdS 3 is possible. This consists of considering a special case of three-dimensional Chern-Simons gravity including torsion [18] , also known as Mielke-Baekler theory [19] . The action of the theory can be written as follows
where the four terms are
Here, again, we see that in addition to the Einstein-Hilbert action, S 1 , and the cosmological constant term, S 2 , we have the exotic Chern-Simons gravitational term, S 3 , together with the term S 4 that involves the torsion explicitly. In fact, there are actually two stages at which one introduces torsion here: first, this is done by treating the dreibein, e a , and the spin connection, ω a , as independent fields, following in this way the standard formulationà la Einstein-Cartan. In the case of general relativity, the Palatini formulation teaches us that considering e a and ω a as independent variables does not introduce any substantial difference for the classical theory, as the Einstein equations are recovered by varying the EinsteinHilbert action with respect to e a , while the vanishing torsion constraint follows from varying the action with respect to ω a . However, when the exotic gravitational Chern-Simons term is present in the action, the fact of treating e a and ω a as disconnected geometrical entities does make an important difference.
A second stage at which one introduces torsion in the theory is by adding the term S 4 when writing the action. Such term includes the torsion explicitly, and, in contrast to (2.1), it does not involve a Lagrange multiplier that fixes the torsion to zero but it couples the torsion to the dreibein directly. The term S 4 is dubbed 'translational Chern-Simons term' and, as it happens with the exotic Chern-Simons term S 3 , it can be also associated to a topological invariant in four dimensions: While S 3 is thought of as the term whose (dimensionally extended) exterior derivative gives the Pontryagin 4-form density R ab ∧ R ab in four dimensions, the exterior derivative of the translational term S 4 gives the Nieh-Yan 4-form density T a ∧ T a − e a ∧ e b ∧ R ab , [43, 44] . In this sense, all the terms involved in the action (3.1) are of the same sort [45] .
The equations of motion coming from (3.1) are
The first one comes from varying S MB with respect to the dreibein, while the second one comes from varying it with respect to the spin connection. One actually sees that in the case m = 1/µ = 0 the theory agrees with Einstein's gravity, for which R ab ∼ e a ∧ e b and T a = 0. In the special case m = µ with Λ = −m 2 , the two equations of motion (3.4) and (3.5) coincide and the theory exhibits a degeneracy. We will analyze this special case in section 5. In the generic case, the theory has four coupling constants, which provide three dimensionless ratios, and the four characteristic length scales G, √ Λ, µ −1 , and m −1 . The two equations of motion (3.4)-(3.5) are independent equations provided m = µ; so let us consider such case first. Arranging these equations, one finds
These equations, provided m = µ, express the fact that the solutions of the theory are constant curvature and constant torsion. From (3.6)-(3.7) one immediately identifies two special cases. When mµ = −Λ (m = µ), equation (3.7) implies that torsion vanishes, and thus (3.6) becomes the Einstein equations. A second special case is m 2 = −Λ (m = µ), where it is the spacetime curvature what vanishes; this is usually called the 'teleparallel theory'. Even though equation (3.6) implies that the solutions of the theory have to be of constant curvature, the space has torsion, so that the affine connection is not necessarily a Levi-Civita connection. Then, seeing whether the solutions of the theory actually correspond to Einstein manifolds or not requires a little bit more of analysis: To actually see this, it is convenient to write the spin connection ω a as the sum of a torsionless contributioñ ω a and the contorsion ∆ω a ; namely
whereω a is indeed the Levi-Civita connection. Then, from (3.7) one obtains 9) and from (3.6) one finally gets 10) which expresses that solutions are indeed Einstein manifolds, where the effective cosmological constant is given by
In the case m = 1/µ = 0 one finds l −2 = −Λ.
Black holes and torsion
Mielke-Baekler theory admits asymptotically AdS 3 black holes as exact solutions. In fact, it can be seen that equations of motion (3.4)-(3.5) are satisfied by the BTZ metric (2.9), provided the space also presents torsion [46] . The presence of non-vanishing torsion, however, does not represent an actual 'hair' since the strength of T a is fixed by (3.7) and so there is no additional parameter to characterize the geometry. Then, the only two parameters of the black hole solutions are still M and J, and for the Mielke-Baekler theory, the mass and angular momentum of the black hole being related to the coupling constants in the following way
The ADM values of general relativity are recovered in the case m = 1/µ = 0. Black hole thermodynamics is also affected by the presence of torsion. The entropy of the BTZ black holes in Mielke-Baekler theory can be computed, and is given by
where r + and r − are the horizons of the black hole, namely
While the first term in (3.13) reproduces the Bekenstein-Hawking area law, contributions proportional to 1/µ give deviations from the result of general relativity. It will be discussed below how the black hole entropy (3.13) is recovered from CFT methods through holography.
Central charges
Chern-Simons formulation and Hamiltonian reduction
In this section, we focus on the computation of the central charges corresponding to the asymptotic algebra. Seeing from the holographic point of view, these central charges turn out to be those of the dual conformal field theory. To calculate these central charges it is convenient to discuss first the Chern-Simons formulation of the theory (3.1). In fact, Mielke-Baekler theory admits to be expressed as a sum of two Chern-Simons actions [25, 26, 27, 28, 29] ,
where, for the case of the theory with negative cosmological constant Λ = −l −2 , the corresponding SL(2, R) connections are given by
with coefficients
whereas the coupling constants read
The index a in (4.2) now is playing the rôle of group index, to be contracted with the 3 + 3 generators of the sl(2) ⊕ sl(2) algebra. This is analogous to the standard Chern-Simons realization of three-dimensional gravity and, in fact, in the case m = 0 the realization of [47, 48] is recovered. In this formulation, the equations of motion of the theory read
where F and F are the field strength corresponding to the gauge fields A andÂ respectively. Having the theory written in its form (4.1), one can compute the central charges by following the procedure originally introduced in [23, 24] . This amounts to implementing AdS 3 asymptotic boundary conditions at the level of the Chern-Simons actions, by reducing them first to two chiral Wess-Zumino-Witten (WZW) actions, and then using the asymptotic conditions again to reduce some degrees of freedom of the latter. This eventually gives the central charges of the boundary two-dimensional conformal field theory through the Hamiltonian reduction of the WZW theory, as in [23, 24] . Nevertheless, despite the analysis here is very similar to that of three-dimensional Einstein gravity, it is worth noticing that, in contrast to the case where no exotic Chern-Simons term is included, the full action is not exactly the difference of two chiral WZW actions with the same level k =k. The exotic term actually unbalances the two chiral contributions. In turn, Hamiltonian reduction must be performed in each piece separately.
Consistent set of AdS 3 boundary conditions for the theory with torsion are those proposed in [25, 26, 27] From equation (3.7), one obtains the asymptotic behavior for the components of the spin connection; namely
where a = (mµ + Λ)/(m − µ). Then, following the procedure developed in [23, 24] , one verifies that implementing some of the asymptotic conditions (4.6)-(4.7) amounts to define a boundary action, consisting of two copies of the chiral WZW model (see [23, 24] for details, and see also [49] for a very nice discussion). The WZW theory has SL(2, R) k × SL(2, R)k affine Kac-Moody symmetry, which is generated by the currents
with the boundary variables z = t + iφ,z = t − iφ. The modes obey the Kac-Moody current algebra
with J ± n = J 1 n ± iJ 2 n , where k is a central element; analogously for the anti-holomorphic counterpartJ i n withk. Then, Sugawara construction gives the Virasoro generators in terms of the Kac-Moody generators; namely
where h ij is the Cartan-Killing bilinear form of SL(2, R) and the −2 in the denominator stands for the Coxeter number of SL(2, R). Then, we have the stress-tensor
whose modes realize the Virasoro algebra
that gives the central charges c = 3k/(k − 2), and analogously for the anti-holomorphic counterpart replacing L n byL n and k byk, yielding c = 3k/(k − 2). These are not yet the central charges of the boundary CFT as it still remains to impose some of the boundary conditions (4.6)-(4.7). It is possible to verify that implementing the whole set of asymptotic boundary conditions (4.6)-(4.7) amounts to fixing the constraints J + (z) ≡ k andJ + (z) ≡k. This condition requires an improvement of the stress-tensor of the sort T (z) → T (z) + ∂J 3 (z), as it demands the current J + (z) to be a dimension zero field. This is equivalent to shifting L n → L n − (n + 1)J 3 n , and the same forL n , which results in a shifting of the value of the central charges c and c. The central charges now become c R = 3k/(k − 2) + 6k and c L = 3k/(k − 2) + 6k, and for large k,k one gets the standard result c R 6k and c L 6k. Then, one finds 2
together with (3.11). One rapidly verifies that this result agrees with the ones obtained in the literature [25, 26, 27, 28, 29] .
It is important to point out that, even in the case m = 0, where the action of the theory only contains the Einstein-Hilbert and the cosmological terms, S 1 + S 2 , and the exotic Chern-Simons gravitational term, S 3 , these values for the central charges do not coincide with those of TMG. This is because, as mentioned earlier, both theories differ not only because of the inclusion of S 4 in the action. In fact, if m = 0, and taking (3.11) into account, one finds c L = (3/2Gµ)( 1 + µ 2 l 2 − 1), c R = (3/2Gµ)( 1 + µ 2 l 2 + 1), which coincides with (2.11) only at first order in 1/µ. On the other hand, if m = 0 and 1/µ = 0, the central charges above simply become c L = c R = 3l/(2G). This does not imply that the value of m dissapears from the expressions since (3.11) depends on m and, thus, when 1/µ = 0 the effective cosmological constant is given by −l −2 = Λ + m 2 . This can be simply seen taking a glance at the equations of motion and noticing that replacing 1/µ = 0 in (3.4)-(3.5) makes the curvature to dissapear from (3.4), while inducing at the same time a redefinition of the cosmological constant in (3.5).
Quantization conditions
So, we have central charges (4.11). These are the central elements of the asymptotic AdS 3 isometry algebra, and from the AdS/CFT conjecture point of view these are the charges of the dual CFT. Modular invariance of such CFT demands (c L − c R )/24 = (8Gµ) −1 ∈ Z, giving a quantization condition for the parameters in the action. Besides, even before resorting to the dual CFT description, one may argue that the central charges have to be quantized. Indeed, quantization of the SL(2, R) Chern-Simons coefficient imposes conditions on c R = 6k and c L = 6k as well. For instance, already in the case 1/µ = 0, one finds (16G √ −Λ) −1 ∈ Z. This follows from topology arguments; see the nice discussion in [50] . As Witten pointed out also in [50] , the quantization of the central charge (and not only of the difference c L − c R ) is also natural from the point of view of the dual conformal field theory. This is because of the Zamolodchikov c-theorem [51] , which states the impossibility of having a family of CFTs with a SL(2, R) × SL(2, R) invariant vacuum parameterized by a continuous value of the central charge. In turn, consistency of the theory, provided one assumes the AdS/CFT conjecture, demands the dimensionless ratios constructed by the different coupling constants of the theory to take special values for the bulk theory to be well defined.
Furthermore, one could also ask whether there is a way to understand these quantization conditions from the point of view of the microscopic theory. To analyze this, one could think of embedding the three-dimensional gravity action, including the exotic Chern-Simons term, in a bigger consistent theory, like string theory. Even though a complete description of it has not yet been accomplished (see [52] for a recent attempt), one can consider a toy example to see how it would work. For instance, let us play around with the O(R 4 ) M-theory terms, which are those that supplement the eleven-dimensional supergravity action. Among such higher-curvature terms one finds couplings between the 3-form A = A µνρ dx µ ∧ dx ν ∧ dx ρ with the curvature tensor R ab µν = e a α e b β R αβ µν . One such term is of the form Σ 11 A∧tr(R ∧ R)∧tr(R ∧ R), together with other terms (the trace is taken over the indices in the tangent bundle a, b, ...). Then, one can think of a compactification of the form 3 Σ 11 = Σ 3 × M 4 × X 4 , with F = dA having flux on M 4 , and asking X 4 to have non-trivial signature (non-vanishing Pontryagin invariant). Integrating by parts the higher-order term written above, one finds a contribution of the form − Σ 3 (ω a ∧dω a + ε abc 3 ω a ∧ω b ∧ω c ) M 4 F X 4 R ab ∧R ab , so that the exotic gravitational term appears here, being the effective three-dimensional coupling (8πGµ
, where σ (X 4 ) is the signature of X 4 and N (M 4 ) is the charge under F . This sketches how a (yet to be found) microscopic realization could yield the quantization condition for c R − c L .
Black hole entropy
Now, before concluding the discussion on the central charge, let us consider a quick application of the result (4.11) . The values of the central charges derived above provide us with a tool to compute the black hole entropy microscopically. This was discussed in [53, 54, 55] for the case of the theory with torsion, and it follows the well-known procedure originally proposed by Strominger in [56] . This amounts to considering the Cardy formula [57] of the dual CFT. In a two-dimensional CFT, Cardy's formula gives an asymptotic expression for the growing of density of states. It follows from modular invariance and some general hypothesis about the spectrum of the theory. The formula for the microcanonical entropy, representing the logarithm of the number of degrees of freedom for given values of M and J , reads 12) where the conserved charges associated to Killing vectors ∂ t and ∂ φ , namely the mass and the angular momentum, are identified with the Virasoro generators L 0 + L 0 and L 0 − L 0 respectively. Resorting to equations (3.12), (3.14) and (4.11), one actually verifies that (4.12) exactly reproduces the black hole entropy (3.13); see [53, 54, 55, 28, 29] .
A singular limit
Degeneracy in Mielke-Baekler theory
Now, let us consider the special case µ = m = √ −Λ. As said before, in this case the equations of motion (3.4) and (3.5) coincide and the Mielke-Baekler theory develops a kind 3 G.G. thanks B.S. Acharya for suggesting the possibility of this type of construction.
of degeneracy as the equations of motion only give
Certainly, this equation is not sufficiently restrictive unless one specifies additional information, e.g. about the torsion. On the other hand, if µ = m equations (3.4) and (3.5) can not be generically written in the form (3.6) and (3.7). In fact, µ = m = √ −Λ is a singular point of the theory. This is why in order to analyze this point it is necessary to take the limit carefully proposing a consistent prescription. A particular consistent way this limit can be taken is to actually consider the form (3.6) and (3.7) for the equations of motion, namely
2) define 1 − m/µ = ε, and then take the limit ε going to zero in such a way that the equations (5.2) remain well defined. For this to be consistent one has to consider the limit 1 − m/µ = ε → 0 together with the limit Λ + m 2 = ε/l 2 → 0. Then, if the torsion is set to zero, (5.1) would require −1/l 2 to coincide with the constant Λ appearing in the Lagrangian, and so one finds that m + Λ/µ identically vanishes. In turn, the limit 1 − m/µ → 0 is consistent with (5.2) and one eventually obtains
that is, the Einstein equations. In this limit one also finds the central charges On the other hand, it seems clear that we could have also taken the µ → m limit in such a way that it is the torsion the quantity that does not vanish at the critical point, obtaining, instead of (5.3), the following
with arbitrary value β. In this case, the effective cosmological constant would have been given by −l −2 = Λ(1 + β), and then we would have ended up having a non-vanishing torsion at the critical point. That is, the point µ = m = √ −Λ is a degenerate point of Mielke-Baekler theory and such degeneracy gets realized by the ambiguity in the choice of β, which is fixed only after a particular prescription for the limit is adopted. The choice β = 0 gives a theory similar to that pursued in [1] . Besides, it is clear from (5.1) that at the degenerate point the theory neither gives information about the curvature nor about the torsion, but about the combination R a +µT a . Then, the only equation of motion written in the Chern-Simons form turns out to be F = 0, which is a field equation for A a = ω a + µ e a . Here, it is worth emphasizing that, at m = µ = √ −Λ, the theory defined by (5.1) and that defined by (5.2) are not equivalent. This is the case even when the systems of equations (2.3)-(2.4) and (2.5)-(2.6) are equivalent if m = µ. In fact, while equations (5.2) in the limit m → µ → √ −Λ still define a theory with constant curvature and constant torsion, equation (5.1) only gives information about the quantity R a + µT a . It is (5.1), and not (5.2), the model that corresponds to a single Chern-Simons field theory.
The singular point, as we will shortly analyze in the next subsection within the canonical formalism, gives a particular combination of the coupling constants for which some of the would be degrees of freedom simply decouple (the situation here is a bit more cumbersome since these theories have no local degrees of freedom on their own). If the microscopic Lagrangian of the theory is fine tuned to those values that would lead to the critical point, one should simply make a field redefinition from scratch and the theory becomes a Chern-Simons theory for a single SL(2, R), whose geometrical meaning is unclear. However, whatever approach to this problem is chosen, it seems more natural to embed the Mielke-Baekler Lagrangian into a bigger picture, so that the singular point is eventually approached to from the generic non-degenerate situation. As such, it is natural to give a prescription for the singular point that smoothly interpolates with the generic case, where both the curvature and the torsion are constant. Still, there is some freedom within this prescription, which is reflected in the parameter β in (5.6). The choice β = 0 is special in that it makes the theory closely reminiscent to chiral gravity [1] .
To understand the indefinition in the parameter β, it is worth studying the map between different geometries and how it behaves at the degenerate point: In Mielke-Baekler theory there is a natural way to establish a map between geometries which are solutions of the theory (3.1) for different values of the coupling constants [58] . That is, one can perform a linear transformation of the fields like
and find that this transformation induces a transformation of the four coupling constants that appear in the action. To give an example of how it works, it is sufficient to consider the Lagrangian of the theory in the particular case in which its coupling constants satisfy the relation µm = −Λ. In this case, a transformation like (5.7) generates the following transformation of the coupling constants
The case we started with already satisfies the special condition µm = −Λ, and provided it also satisfies µ = m one finds that the transformed coupling constants obey µ m = − Λ and µ = m as well. That is, the special condition m 2 = µ 2 = −Λ appears to be a fixed point of the β-transformation (5.7); in fact, after the transformation one finds µ 2 = m 2 = − Λ = (β+µ) 2 . And we see that this transformation generates (constant) torsion T a ∼ β ε a bc e b ∧e c from a configuration with vanishing torsion. The combination that remains invariant is, precisely, R a + µT a + µ 2 2 ε a bc e b ∧ e c → R a +μT a +μ 2 2 ε a bc e b ∧ e c , as in (5.3). This explains the degenerate point appearing as a fixed point of (5.7).
Analogy with chiral gravity
Equations ( [30] for a brief comment about the relation between the singular pointq = 0 and the chiral point of [1] ; cf. [29] ). Whenq = 0 the left-handed degrees of freedom are left unspecified; however, we have just argued that one could consistently demand the torsionless condition T a = 0 when approaching the singularity.
We have just identified a special (singular) point of Mielke-Baekler theory at which the theory behaves pretty much like chiral gravity of [1] . That is, it gives a model of three-dimensional gravity that fulfill the following properties: a) Once suitable asymptotically AdS 3 boundary conditions are imposed, the asymptotic isometry group turns out to be generated by one (right-handed) Virasoro algebra with central charge c R = 3l/G, while the central charge of the left-handed part c L vanishes.
b) The theory can be written as a single SL(2, R) Chern-Simons term, as the other copy of the bulk action decouples in the limit, being proportional to c L .
c) The BTZ black holes have mass M and angular momentum J that obey the relation lM = J , no matter the values that the parameters M and J of the solution take.
d) The theory has no local degrees of freedom, as it corresponds to a special case of the Mielke-Baekler theory.
e) If the limit µ → m → √ −Λ is taken in such a way that equations (5.2) are obeyed, all the solutions of the theory at the special point have vanishing torsion, for β = 0, and are Einstein manifolds, i.e., spaces locally AdS 3 .
Nevertheless, besides the resemblance between the chiral model obtained from the degenerate case of Mielke-Baekler theory and the chiral gravity of [1] , it is worth emphasizing that both constructions are radically different, for instance in what regards to the property e) listed above [17] .
In the next section, we will analyze the canonical structure of the theory and how it changes at the degenerate point.
Canonical analysis
In the previous section we discussed a degenerate point of the Mielke-Baekler theory of gravity in AdS 3 space and we proposed a prescription to approach this point in the space of parameters. Now, let us briefly discuss the canonical structure of the theory. Our discussion will follow the approach and notation of references [59, 60] , but paying special attention to the analysis of the constrained system in order not to miss the difference between the critical and the non-critical cases.
The Hamiltonian analysis of the theory starts by slicing the three-dimensional spacetime manifold, separating the temporal components from the spatial ones, and defining a configuration space. The coordinates of this configuration space (henceforth denoted by q) are the components e µ a and ω µ a . Explicitly we can write the canonical momenta associated to these as follows 12) which correspond to e 0 a , ω 0 a , e i a and ω i a , respectively, where the notation is such that i, j = 1, 2 refer to the spatial part of the spacetime indices. The canonical momenta are indeed defined with respect to the action (3.1) times 16πGµ. These relations define the primary constraints of the theory; namely
(5.13) Then, the primary Hamiltonian density is 14) where the dot stands for time derivatives and, following the notation used in [59] ,
The dynamics of the theory is generated by H T , while the time derivatives of the coordinates that accompany the constraints play the rôle of Lagrange multipliers that fix them to zero. The structure of the Hamiltonian is, in general, given by H T =H+q I φ I . That is, the actual Hamiltonian is given by the sum of the canonical Hamiltonian and the contributions coming from the constraints. The Poisson structure arises from imposing canonical constraints on coordinates and momenta through the Lie bracket {, }. The constraints φ I = 0 reduce the original phase space to the physical one, and consistency of the theory demands the constraints to be preserved through the dynamical evolution of the system in the reduced phase space. This requiresφ J to weakly vanish,
In our case, we haveφ
+2µ ji (mė aj +ω aj ) ,
The first line above expresses the fact that that H a and K a are secondary constraints, while the second and third lines give equations that allows to find the values ofė aj anḋ ω aj that set these expressions to zero. Solving these equations is always possible except when the determinant of the system is zero, what precisely occurs when m = µ. Leaving the critical case aside for a moment, one can continue the analysis and verify that the secondary constraints are actually consistent: the non-trivial Poisson brackets for m = µ are 18) into account when analyzing the constraints. What happens when going from the generic case to the critical case m = µ is that two of the momenta become proportional to each other, namely π i a = µ Π i a , and consequently the respective constraints happen to carry the same information. This is basically because at such point of the space of parameters the coordinates e a and ω a play symmetric rôles in the action. As mentioned before, at the singular point one of the Chern-Simons actions drops out and one is left with a single action describing the dynamics of the field A a = ω a + µe a . In order to take this symmetry (between the rôle played by e a and ω a ) into account, one can replace the constraint φ i a by the new one ψ i a ≡ φ i a − µΦ i a , in such a way that the constraints turn out to be given bẏ 27) which certainly leaves A a i invariant. It is worth noticing that the prescription for going from the general case to the critical point defined through the limiting procedure 1−m/µ = ε, Λ−m 2 = ε/l 2 , and m+Λ/µ = 0 can be applied to the set of commutators (5.18)-(5.21), along with the change φ i a → ψ i a = φ i a − µΦ i a and J a = H a /µ = K a to obtain the set of commutation relations of the critical case. This can also be done for arbitrary value of the parameter β, introduced earlier, without distinction.
Conclusions
We have considered the Mielke-Baekler theory of gravity in asymptotically AdS 3 spacetime with torsion. We have reviewed the computation of central charges of the asymptotic algebra, which turn out to be the central charges of the dual CFT 2 . The result we obtained agrees with the central charges obtained in the literature by employing different methods [25, 26, 27, 28, 29] . It was observed that a special point of the space of parameters exists, at which one of the central charges vanishes. This point was compared with the chiral point of topologically massive gravity, and the analogies between both models were pointed out. This point is a singular point for the Mielke-Baekler theory, where the theory exhibits degeneracy. We analyzed this at the level of Chern-Simons theory and in the canonical approach. In the Chern-Simons formulation this critical point appears as the point of the space of parameters at which one of the two SL(2, R) actions drops out. This point was recently mentioned in [30] within the context of the analytically extended theory, where the connection with the chiral gravity of [1] was already mentioned. It was one of our motivations to make this connection with chiral gravity more explicit.
One of the aspects one observes here is that several features of the dual conformal field theory do not seem to depend on the precise prescription adopted to reach the singular point of the Mielke-Baekler theory. This raises the question as to whether the relevant physical information is independent of the way one approaches m = µ = √ −Λ. Despite quantities in the geometric realization do actually depend on how the limit is taken, this possibly reflecting the fact that the theory becomes in essence non-geometrical, it seems plausible that all these geometries are different realizations of the same theory, and, likely, the way of making sense out of Mielke-Baekler theory at the point it exhibits degeneracy is, in fact, resorting to the dual description in terms of a chiral CFT. and the Centers of Excellence Base Financing Program of Conicyt, and by the Conicyt grant "Southern Theoretical Physics Laboratory" ACT-91. CECS is also supported by a group of private companies which at present includes Antofagasta Minerals, Arauco, Empresas CMPC, Indura, Naviera Ultragas and Telefónica del Sur.
